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... Abstact ... Numerical Results

Peridynamic is a recently developed theory of solid mechanics that replaces the partial differential equations (PDE) of Notice that if we use the Taylor’s Theorem to the Integral Term in the equation, we get that
the classical continuum theory with integro-differential equations (IDE). We apply Finite Element Methods (FEM) to

-
implement the peridynamic model. Since the integro-differential equations remain valid in the presence of ~ b de "(X) + u® (x)82+H.OT
discontinuities such as cracks, the method has the potential to model fracture and damage with great generality. We 5 [x'=x|
use piecewise constant functions in regions where discontinuities may appear and piecewise linear function in areas x+8 u(x u(x)
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where the solutions is smooth and investigate how to combine these two methods. We are also interested in the Which means that if U is smooth enough,  im-= 52 =N dx’' = EU (9]

choice of the horizon radius to implement the peridynamic model more accurately. Theoretical analysis and numerical

results for different cases are given. We first exam the convergence rate for the case when exact solution U(X) are polynomials, whose degrees are

less than 4: for example, U(X) = X2 , we get the error for two cases: (1) & s not fixed ; (2).5 is fixed as below:
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The acceleration of any particle at X in the reference configuration at time t is o4 — o d=3axmaxiu, | 2 503 maxou,|
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described by the Integro-Differential Equation (IDE) [1,2]
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where p is mass density, U is displacement, H, is a neighborhood of X (i.e.a 6l . R
spherical region of radius & around X, where & is called the horizon), fisa 18] 55 v
pairwise force function ( force/volume?), bis body force density. os B B e s as 15 T 1 z B e
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For simplification, we denote the relative position of two particles by & : 5 =x'—-X Figure 1 Figure 2
and denote the relative displacement of two particles by 2 : = U(X',t) —u(X,t) From Figure 1, the & is not fixed, we can see that: From Figure 2, the O is fixed, we can see that as
It is convenient to assume that for a given material such that beyond the horizon S the particles do not interact, as the number of grid point increases, the error the number of grid point increases, the error decreases
ie ‘f‘ S5 = f(', (’z) =0 V'I does not decrease, almost fixed, which means that as we want, which means that the numerical solution
e. s ) -
. . . the numerical solution is not convergent to the is convergent to the exact solution, for the case when
Peridynamic Classical Theory of ' §
exact solution as we want! And also from the result exact solution =X we can get the error to be
Yy .S. X ry. luti ! And also from the resul lution U(X) = X get th be107
Theory Continuum Mechanics we can see that when ¢ is larger, the error is and also from the result we can see that when O is
Integro-Differential Equation Partial Differential Equation smaller! larger, the etror is smallet!
Do Not Require Partial Derivatives to X Require Partial Derivatives to X Since the equations do not require derivative to X, it can deal with the case when the solution is discontinuous :
Dsconinunss Sotion
: _ - _
Directly Applied on crack surfaces Need the special techniques of 09 =02 =03 =04
and other singularities fracture mechanics 08 Az Error(ly) |Rate | Eror(Lo) |Rate |Eror(Lo) | Rate
or o oo [/ |2 |/ Joom [/
- . : - : 127 10.0047 143341 0.0026 15453 | 0.0018 15789
o 1/81 | 7.1006E-04 | 1.7203 | 3.8508E-04 | 1.7384 | 25751E-04 | 1.7699
Alinearized version of the Peridynamic theory for a microelastic material takes the form f("v f) = C(‘):)'I: vé, n. ) 1/2'13 0.6250E-05 | 1.8190 | 51502605 | 1.8312 | 3.4160E-05 | 18387
02| 0 AR 5
where C(€) is the material’s micromodulus function[2], for the special case of proportional material, that o 1720 | LUSSE05 | 18502 6625806 | 18666 | 43720006 | L8713
1/2187 | 1L5800E-06 | 1.8814 | 8.3370E-07 | 1.8367 | 5.4800E-07 | 1.8901
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C@)=cip ie. Cul®)=cim 5 C)" Figure 3 Table 1
i i jon: T Table 1, we hat the del works for th
The constant of proportionality € depends not only on the radius of the peridynamics hotizon but also on the Manufactured discontinuous solution: d.rom »a ¢ hwecn :ee k hm the TDL ef “O; s .or't ¢
the dimension of the domain, and in one-dimensional case, €==— [3], where k denotes the bulk modulus. iscontiauous case, anc as the numbet of grid point Increases,
Lee Q = (at, ), Q' =(a—38,f+8) . Soalincarized version of the Peridynamic theory for the microclastic X ,x€[0.0,0.5) the error decreases as we want, which means that the numerical
material simplifies to the Integro-Differential Equation: u ( ) = solution is convergent to the exact solution, and also from the
X, Xe [O5,10] result we can see that when J is larger, the error is smaller; the
a “(X H_ I‘*: é?; u(x, t) UOSY) Gy b,y convergence rate is between [L5,2.0}
x
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To simplify the computation, let p=1, k = % and including the boundary and initial conditions to the equations, *

then we get the equations we will concentrate on:
We try to show the Existence and Uniqueness of the finite element solution to 1-D linearized peridynamic

Au(x,t) _ wu(x t)—u(x,t)
X

dX' +b(x,t), X' eQ,xeQ model by Lax-Milgram theorem:
o 6‘2 [x—

We Ignore the Uy term first, and without loss of generality let the boundary conditions to be u(x)=0 on Q'\Q
u(x,0) =uy(x), u,(x,0)=u,(x) xeQ then we can simplify the finite element equation to be:
s L (X, a

_[ J.M u(x) u‘(x) dxv(x)dx = &2 J‘ b(x)v(x)dx
\ /

... FEM Framework for 1-D PD Model ALY =F(¥)
DenoteV ={u(x,t) | D/u(x,t) € L(Q'),y < 2} A(u,v) = J”m'[ u(X)V(X)dx’d J'J'mm(ﬂm)wdxv(x)dx

ux ) =g(xt), xeQ\Qte[0T]

S={u(x,t)|u(x,t) eV,u(x,t)=g(x,t) on Q'\Q} max(ax-0) |x' = |
X+8
Let Sn denote the finite dimensional subspace of S | the Galerkin finite element approximation to I J. u (X) v ( X) d X 'd X
-5 —_
the equations is defined as follows: to solve Uy (X,t) € Sy | such that A= X =X
x+6 U (x t) uh(x t) Define the new Norm by ||| u |” =A(u, u)“2 in order to use the Lax-Milgram theorem, we need to prove the

(U (X, 1),V (X)) = z(j dx', v, () + (B(x, 1), v, (X)), YV, (%) € L(Q)

equivalent between two norms: ie. C U [E<|[ullf <C, Jlulf? .

N X‘ First, by the symmetric property, we can prove that:
U, (X,0) = Ug(x), Uy (x,0) = u,(x), XeQ min(.x+5) U(X") —U(X)
_I .[ max(ax-5) ‘X ‘
Let Up(x,t) = ZUh {OAX), v, (X) =¢;(X) then Then by the “Morrey’s inequality ”, we can prove that:
zUn.(t)(¢(X') $(x))

’

— 2 dx'v(X)dx = jjmm(ﬂw)u(x) u(X)(v(x’)—v(x))dx’dx

max(a,x-3) ‘X ‘

X+8 1 min(g,x+ A , ,
18,00+ (B(x, 0,4, () Sl DU UG (y(xry y(x))dx'dx < C, [lu 2

max(a ,x-&) ‘X'_ X‘

@00, ¢(x)) uh.(t) = N

X'~

x5 ¢ (X) =4 (X) So the only step we need to prove is the left side of the inequality, which is in progress.
The resulting system is a linear system, denote A={A;}y. , where A I ¢l( )I %dx’dx

andif welet & = &y = K AX , then for example if we use the piecewise constant function as the basis w

function to solve the system, Aisa 2K +1 banded positive definite matrix.

We have successfully applied the Finite Element Methods to implement the 1-D linearized peridynamics model,

“ we get the convergent numerical results; compare the crror for cases when @ s fixed or not; exam the influence of

the size of the horizon to the solution and finish some part of the theoretical analysis of the existence and uniqueness
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