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_ Theorem 2 For a fixed7' > 0, by Theorem 1, there exist positive constants, = 1,2,--- . d, and
Introduction I C which is independent &fandp, such that

d

We consider the following linear parabolic stochastic PDE, lun(T) = wp o (D)l 2 D)@ 20y < C ) Bulon) exp(—raphy), (7)
ou(t,r,w) — V- la(lx,w)Vu(t,z,w)| = f(t,x,w) In [0,T] x D x €, n=l1
— T D x Q) 1 o N7 . .
ut,z,w) =0 on [0,T] x 0D x (1) where IfI',, Is boundedf, = 5, = 1 andr,, = log {2{ (1 + \/1 + 'Z‘g )} if I';, Is unbounded,
u(0,z,w) =uy on D x €, | ] | 7
B 0, =1 B, = O(\/p») andr, = 7,0,. 7, is smaller than the distance betweEnand the nearest
whereD € R?, Q) is the sample space and 2 x [0,7] x D — R. The symbolV means differ- singufarity In the complex plane, as defined in Theorem 1.

entiation with respect to the spatial variables D. Unlike previous literatures on this issue, we

consider a wider range of situations as follows: Error Analvsis of the Fullv-discrete Scheme
e The coefficient and the forcing term are represented not byliKL expansion but also by a y y

nonlinear function of a random vector;

e Both bounded and unbounded random variables are consjdered
. . o . -

o Eg(l)zrila;l.re analyzed for both a semi-discrete scheme antyadistrete scheme for the parabolic <U _A (t] o)+ (aVU +2vz] Vo) = (f(tm_%),v), o e Sy m> 1 )
The error of the numerical solution splits into= (v — wuy,) + (up — up,). We mainly analyze the
second term, I.e. the interpolation error in the probabdpace and obtain the first term by classic
finite element analysis. Moreover, as longuass analytic with respect to the random parameters, Lemma 2 If the solutionU ™ (z, y,,, v*) is a function ofy,, UV : T, — C°.(I*: L2(D)), and we define
the interpolation error will decay exponentially by usirypital approximation theories. There- e kind of discrete norm as "
fore, In what follows the analyticity ofi;, Is the key point of our analysis. The procedure of the

The fully-discrete Crank-Nicolson scheme of the probleig1

wheres}, is the finite element space abd = v .

error analysis Is shown in the flowchart below: PR | | 13
____________________________________________________________ M(N,1) = |5 D [IVady, (VU7 + VU Y1y | (9)
| j=1
What we focus on Exponential convergence by _ )
: then the k-th derivative df " (x, y) with respect tay,, satisfies
Finite U, is analytic with (1) Chebyshev polynomials
element —>»  respect torandom —>  (bounded parameters) 105 UN )l 2 py < CE!(27) (10)
solution parameters
u, (2) Hermite polynomials wherey, > 0, C depends ofl f (y) || z20.7-p)» |wo(y)| z2(p) amin @nd the Poincare coefficieqt,.

(unbouned parameters)
Theorem 3Under Lemma 2, the fully discrete solutiéi' (x, ,,, y*) as a function ofy,, admits an

analytic extensio/" (z, y*), z € C, in the region of the complex plane

The Stochastic Collocation Method I 5(Tn, ) = {z € C,dist(z,T) < 7} (11)

For a fixedI' > 0, the weak formulation of (1) has the following three equavdlforms: with 0 < 7, < 1/(27).

/ E[0puv]da +/ ElaVu - Voldz = / E[fvldz Vv € HY(D)® LH(Q) Theorem 4 For a positive integetV, consider a uniform partition o), 7'| with At = T'/N, by The-
D D D orem 3, there exist positive constantsn = 1,2, --- ,d, and C which is independent afand p,
such that
§ KL — expansion d
|0 = Ul p2pyenzr) < € Y Bulpn) exp(=rapyy), (12)
| _ | 721 (2) n=1
/r/D@tuwdy i /F/D[avu Velpdy /F/D fopdy Vo € Hy(D) & Ly{D) whered,,, 5,, andr, are defined as in Theorem 3.

)
/ Oru(y)vdx +/ a(y)Vu(y) - Vudr = / f(y)vde Vv € H&(D) ® L%(F), p—a.e. inl’ A Numerical Example |
D D D

Then, an approximation is constructed with the stochasliocation method by

, , _ e We consider an one-dimensional parabolic PDE:
e For a fixedT’, construct an approximatiom,(7’,-,y) : I' — Hp(D) by projecting (2) onto the

subspaced,(D), i.e. foreachy € T’ Ou—V - (aVu)=f on[0,T] x D x €,
u(t,a,w) =0 on|0,T] x €, (13)
/ Oyup(y)vpdx + / a(y)Vuy(y) - Vupdx = / f(y)vpdx Vv, € Hy(D). (3) —adpu(t,b,w) =1 on[0,T] x €,
D D D u(0,z,w) =0 onD x .
e Collocating (3) on the zeros of orthogonal polynomials amalding the discrete solution
. o . . where
un, € Hy(D) @ P,(I') by interpolating iny the collocated solutions, i.e. 0z, W) = iy + exp [Yi(w) cos(mz) + Ya(w) sin(rz) 1)

f(t,z,w) =100 4 exp (Y3(w) cos(mzx) + Yi(w) sin(mx))

unp(T, 2, y) = Lyup(T, x,y) = Z o Z“h(T> Ty Y5 Yl @ - @ 1), (4) The computational results for the’(D) approximation error in the expected valBa.(T')| are
n=l o ge=l shown in the following figure.

- - d b k | - I Convergence with respect to polynomial order p,, random variable Y, Convergence with respect to polynomial order p,_, random variable Y., Convergence with respect to polynomial order p,, random variable Y, Convergence with respect to polynomial order p,, random variable Y,
where, for instance, the functidi, }¢_, can be taken as Lagrange polynomials. : 1 L : 2 : 3 .

Error Analysis of the Semi-discrete Scheme I

LemmalForanyT > 0, if the solutionu(T', x, y,, y) is a function ofy,,, u : I',, — CQ;(F;;; LA(I _7 _7 | _8
then the k-th derivative af(T, z, y) with respect tay, satisfies e O

E[u(T)]
n E[u(T)]

105, u(T, ) 2y < CKI(275) (5)

wo(y) || 22(p)» @min @nd the Poincag coefficient,, References
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